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Three performance measures of this joint control scheme are investigated under shifts in the process mean or inflations of the process standard deviation, and under the adoption of head starts: the average run length, the run length percentage points and the probability of a misleading signal.
Approximations to these three performance indicators will be obtained considering a two-dimensional Markov chain. The independence between the horizontal and vertical transitions of this approximating two-dimensional Markov chain plays an important role in providing simple expressions to those performance measures which avoid the computation of a probability transition matrix with unusual dimensions.
A numerical comparison between these three performance measures and the corresponding ones of the matched combined Shewhart CShewhart ( ) scheme
Introduction
Control charts are widely used as process monitoring tools, primarily to detect changes in the process mean or in its standard deviation which can indicate a deterioration in quality. The joint monitoring of these two parameters can be
achieved by running what is called a combined or joint scheme. Combined schemes for µ and σ -when the quality characteristic has a normal distribution -have received a great deal of attention in the quality control literature. The several combined schemes that have been proposed and studied can be divided in two broad and distinct categories: the combined schemes which make use of one control chart for an univariate summary statistic (Chengalur et al. (1989) , Domangue and Patch (1991) ) or a bivariate summary statistic (Takahashi (1989) ); and the popular combined schemes that result from running simultaneously two control charts -a chart for µ and another one for σ (Crowder (1987) , Saniga (1989) , Gan (1989 Gan ( , 1995 , St. John and Bragg (1991) , Morais (1998) ). The combined schemes in this last category trigger an out-of-control signal at the t th sampling period if either individual chart signals at that sampling period.
The average run length ARL ( ) -which is the average number of sampling periods before an out-of-control signal is given by the control scheme -has been used for some time to describe the likely performance of a control procedure: the ARL is supposed to be large, when the production process is stable or in control, and small, otherwise. Nevertheless some authors have argued that the percentage points of the run length RL ( ) provide a second and more appropriate performance measure when Shewhart control charts are not used. In addition, St. John and Bragg (1991) pointed out a serious problem in the joint monitoring of µ and σ : the existence of misleading signals that can send the user of the combined scheme in the wrong direction in attempt to diagnose and correct the cause of the out-ofcontrol signal. This suggests the use of a third performance measure, the probability of a misleading signal PMS ( ).
Primary interest is usually in detecting changes in the process mean and only inflations in the process standard deviation, therefore only the joint use of standard EWMA Shewhart ( ) charts for µ and upper one-sided EWMA Shewhart ( ) charts for σ is considered in this paper. The performances of such combined schemes are studied -with special emphasis on the combined EWMA scheme -and compared in this paper for various settings of the shifts in the nominal level of the process mean and standard deviation, and for several head starts given to the combined EWMA scheme. Three performance measures -ARL's, RL percentage points, and PMS -are considered and approximated, in the case of the combined EWMA scheme, using the Markovian approach instead of the integral equation approach (used by Gan (1995) to provide an approximation to the ARL). Simple guidelines, based on all three performance measures, are provided for the design of combined EWMA schemes. All the numerical results were obtained running several programs for the package Mathematica (Wolfram (1996) ). Larger tables with values of all the performance measures considered here are available from the authors on request.
Description and an Example of the Combined EWMA Scheme
Suppose one wishes to control the process mean and standard deviationrespectively, at known nominal values µ 0 and σ 0 -when the quality characteristic, denoted here by the random variable X , has a distribution belonging to the
It is important to notice that, since µ 0 and σ 0 are assumed to be known, there is no need to collect k samples of size n to estimate the nominal values for µ and σ and the control limits.
A change in the process production can obviously be represented by a change in the parameters of the quality characteristic distribution: the change in µ will be represented in terms of the nominal value of the sample mean standard deviation δ = n µ − µ 0
and the inflation of the process standard deviation will be measured by
It is obvious that in control δ,θ ( ) = 0,1 ( ) and out-of-control δ,θ ( ) takes a constant value (assumed to be known) in −∞, +∞
The combined EWMA CEWMA ( ) control scheme considered in this paper uses two separate charts: a standard EWMA control chart for µ and an upper onesided EWMA control chart for σ . The process is deemed out-of-control at time t if the observation of the EWMA statistic for µ ,
and ′ ψ represent the t th random sample mean and variance and the trigamma function, respectively. It will be shown later (in particular in section 7) that the constants in the expressions of the summary statistics and of the control limits are chosen by the user to produce a desired performance for the combined control scheme.
Example 1: The temperature of a chemical reactant is a crucial factor in obtaining satisfactory yield from a chemical process. The nominal value for the mean and the standard deviation of the chemical reactant temperature are µ 0 = 100 o C and σ 0 = 1 o C , respectively. Suppose groups of five temperatures of the reactant are recorded every hour for ten consecutive hours with the process with a mean (standard deviation) level that was initially off target and equal to µ = 100.
The simulated temperatures are shown in Table I , along with the observed values of: the random sample mean and variance, X t and S t 2 (the Shewhart summary statistics); and of the EWMA summary statistics W µ , t and
The CEWMA scheme in Figure 1 is run considering γ E −µ = 2.624 , Chengalur et al., 1989) .
The Run Length Survival Function
A change in the process production must be detected quickly so that a corrective action can be taken. Thus, it comes as no surprise that the run length RL ( ) -which is the number of sampling periods before an out-of-control signal is given by the control procedure -is usually used to describe the performance of a control scheme. An approximation to this random variable distribution, when a CEWMA scheme is used, can be obtained using two Markov chains with h and v states in the Markovian approach as described in Appendix A. Crosier, 1982, Lucas and Saccucci, 1990) has been given to the EWMA chart for µ (the upper one-sided EWMA for σ ). A signal is given by the CEWMA scheme whenever an out-of-control signal is observed on either individual chart. Following Gan (1995) (who, as mentioned before, proposed the use of a CEWMA scheme which comprises individual charts for µ and σ without head starts) and Woodall and Ncube (1985) (who considered the simultaneous use of m univariate CUSUM charts for m expected values), the run length of the CEWMA scheme studied here is given by
Then, since W µ , t and W σ , t are independent, given δ,θ ( ), the survival function of
for − ∞ < s < +∞, i = 1,...,h − 1 and j = 1,...,v − 1, where the approximations to 
ARL: Approximations and Tables
be the ARL's matrix of the CEWMA scheme, considering that the initial values w µ , 0 and w σ , 0 are associated to the, in control or out of control, states E µ , i and E σ , j .
An approximation to this matrix can be obtained adapting the iterative procedure proposed by Prabhu and Runger (1996) to this particular control scheme
where:
( ) and P σ θ ( ) are probability transition matrices defined by expressions (A.1) and (A.2), respectively, in Appendix A;
is a h × v matrix which indicates the in control states of the two-dimensional Markov chain described in Appendix A; and the symbol • indicates elementwise multiplication of the matrices. This procedure was used by Runger and Prabhu (1996) to obtain approximate values to the ARL of a Multivariate EWMA chart for the control of a multivariate normal mean vector.
A second approximation for ARL δ,θ
-the ARL's matrix of the CEWMA scheme when w µ , 0 and w σ , 0 are associated only to the in control states E µ , i and E σ , j -involves the survival function of
Approximate values to the entries ARL CE i, j δ,θ ( ) of the matrix ARL δ,θ ( ) can be obtained using the approximations (A.13) and (A.14) to the two survival functions in (11) and truncating the series.
The second approximation procedure was used to compute the ARL's values of the CEWMA scheme, assuming that the convergence of the series (11) is attained as soon as the relative error is less than 10 −6 , and considering the parameters of Example 1 (n = 5; λ µ = λ σ = 0.05, γ E −µ = 2.624 , γ E −σ = 1.27) and ( ) = 500.13
and ARL E −σ 1 1 ( ) = 500.86 .
It is important to add that the in-control ARL's of the CShewhart scheme individual charts were matched to those of the combined CEWMA scheme, i.e.
thus,
The first iterative procedure, which was used by Morais (1998) [ ],1 0,1 ( ) and a steadily decreasing number of iterations when δ or θ increases. The results obtained here lead to the same conclusion and made one realize that the number of iterations is virtually independent of the head starts given to the individual EWMA control charts. shifts occur in the process mean and standard deviation. It is interesting to notice that the adoption of positive head starts HS µ leads to a CEWMA scheme more sensitive to inflations in both parameters at the cost of smaller ARL's when the process is in control.
In the CEWMA scheme, the use of a negative HS µ head start leads to a smaller average detection speed of inflations in µ or in σ ; nevertheless this combined scheme is still more sensitive to changes in the values of µ or σ than the CShewhart scheme, in most cases. 
RL Percentage Points: Tables of Approximate Values
The average run length ARL ( ) has been used for some time as a sole performance measure of a control chart: the ARL is supposed to be large, when the production process is stable or in control, and small, otherwise. Nevertheless, some authors have argued that in some cases the percentage points (or the survival function) of the run length provide a more appropriate performance measure.
defined by the smallest integer m satisfying
Approximations to this percentage point can be easily obtained doing the approximations for the run length survival function given by (A.12)-(A.14).
As for the p × 100% percentage point of RL CS δ,θ 
The results in Table IV ( ) even when a negative HS µ is adopted; therefore the CEWMA scheme tends to produce short run lengths more frequently which means faster detection of changes in µ or in σ .
The Probability of a Misleading Signal
The diagnostic procedures that follow an out-of-control signal can differ depending on whether the signal was given by the chart for µ or the chart for σ , or whether the signal given by the chart for µ is on positive or negative side. Thus a misleading signal could possibly send the user in the wrong direction in the attempt to diagnose the cause of the out-of-control signal. In fact, misleading signals can be a serious problem for the user of combined charts for multiple parameters. St. John and Bragg (1991) identified the following types of misleading signals arising in combined charts for µ and σ : I. the process mean increases but the out-of-control signal is given by the chart for σ , or the out-of-control signal is observed on the negative side of the chart for µ (that is the observed value of the summary statistic is below the lower control limit); II.
µ shifts down but the out-of-control signal is observed on the chart for σ , or the chart for µ gives an out-of-control signal on the positive side;
III. an inflation of the process standard deviation occurs but the out-ofcontrol signal is given by the chart for µ . Only type III correspond to what can be called a "pure misleading signal", i.e., a change in the value of one of the parameters is followed by an out-of-control signal by the chart for the other parameter. However, there is a situation that also leads to a "pure misleading signal" and is related to both misleading signals of types I and II:
IV. a shift ocurs in µ but the out-of-control signal is observed on the chart for σ . This will be called a mislealing signal of type IV (although it is a sub-type of types I or II).
The misleading signals I-IV are graphically described in Figure 2 . Only the types III and IV are going to studied in this paper since they correspond to what can be called a "pure misleading signal".
The expressions for the types III and IV misleading signals probabilities are:
respectively. Approximate values to these probabilities can be obtained by using the approximations to the survival functions (A.13) and (A.14) and truncating the series, as in the evaluation of the ARL.
The corresponding types III and IV misleading signal probabilities for the CShewhart scheme are:
As an illustration, these probabilities were obtained for the CShewhart and CEWMA schemes described in the previous sections, considering a relative error of 10 −6 in the truncation of both series. Note that According to Table V , the adoption of the CEWMA scheme lead to a substantially decrease in PMS CE i, j III;θ ( ), the probability of having the EWMA chart for µ responsible for a misleading signal (with one exception: θ = 1.5, HS σ = 0% and HS µ = 75%). The numerical results in 
Design Strategy for CEWMA schemes
It is very dificult to design a CEWMA control scheme that is jointly optimal in detecting shifts in the process mean and inflations of the process standard deviation, mainly because of the complexity of this scheme performance indicators and the several parameters involved in the design. Gan (1995) The proposed design strategy has the following steps:
• Step 1 -choose λ µ and γ E −µ that verify the following conditions
• Step 2 -obtain λ σ and γ E −σ such that
•
Step 3 -repeat steps 1 and 2 a couple of times, and pick the pairs A few notes on this design procedure.
Step 4 can be eventually followed by the adoption of head starts for the individual charts; but recall that these new charts have to verify conditions (17) 
To simplify Steps 1 and 2 of the design procedure, one suggests: choosing λ first; then, since the in control ARL's of the individual EWMA charts are monotonous functions of γ , adopting of a binary search procedure to find the values of γ that satisfies (17) and (19); and finally checking if the two pairs λ , γ ( ) satisfy inequalites (18) and (20). It should also be noted that the probabilities
Suppose one desires a CEWMA control scheme with the following characteristics: n = 5 and 51 in control states for each EWMA chart;
The CEWMA control scheme with no head starts, presented in the previous sections (i.e. λ µ = λ σ = 0.05, γ E −µ = 2.624 and γ E −σ = 1.27), has these characteristics. However, a change to a second scheme with
slightly improves the properties of the first combined scheme (see Table VII ). 
Concluding Remarks
Since charts for the process mean and standard deviation are often used jointly it is recommendable to discuss the performance of combined control schemes like the CEWMA scheme. In this paper attention was given not only to the average run length, which provides a unidimensional snapshot of the performance of the CEWMA scheme, but also to two other performance indicators: the run length percentage points and the probability of a misleading signal. The Markovian approach and the independence between the horizontal and vertical transitions of the approximating two-dimensional Markov chain played an important role in providing tractable expressions for these three performance measures.
The adoption of a CEWMA scheme as an alternative to a CShewhart scheme usually leads to a decrease in the probability of originating a misleading signal. However, this adoption must be done with some care since the numerical results suggest a substantial run length reduction -in terms of average and percentage points -only for moderate shifts in µ and σ . When convenient head starts (e.g. positive HS µ for δ > 0) have been given to the EWMA charts for µ and σ , the combined EWMA scheme tends to produce short run lengths more frequently, yielding to a more sensitive control scheme if the process is out-of-control and to a slight decrease of the in control run length. Finally, a design procedure based in all three performance measures, and which provides simple guidelines for a convenient choice of the combined scheme parameters, was described. ( ), the horizontal and vertical transitions of each one of those two chains are also independent. Therefore, the behaviour of the approximating chain can be described by two one-dimensional chains -one for each individual chartwhose definition involves, following Brook and Evans (1972), Woodall (1984) , Lucas and Sacucci (1990) and others:
Appendix
• dividing C E −µ (given in (4)) in h − 1 intervals of equal range ∆ µ that are associated to the ordered transient states E µ , i , i = 1,...,h − 1 ( h should be an even number); taking the lower limit of the first interval, e µ , 1 , equal to LCL E −µ and e µ , i = e µ , 1 + i − 1 ( )∆ µ , i = 2,...,h;
• associating the set ln σ 0 
The approximations to the probability transition matrices of these two independent Markov chains, represented in partitioned form, are as follows 
Type III -δ = 0, θ > 1 Type IV -δ ≠ 0, θ = 1
